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Abstract. We study a class of representations over the degen- 
erate double affine Hecke algebra of g[„ by an algebraic method. 
As fundamental objects in this class, we introduce certain induced 
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modules and study some of their properties. In particular, it is 
(-H , shown that these induced modules have unique simple quotient 

' modules under certain conditions. Moreover, we show that any 

simple module in this class is obtained as such a simple quotient, 
and give a classification of all the simple modules. 

Introduction 

> , 

I Double affine Hecke algebras and their degenerate (or graded) version 

^ I are introduced by Cherednik [Chi], and successfully applied to the 

^ ■ theory of symmetric polynomials [Ch2, Ch3]. 

O . The purpose of this paper is to give an algebraic approach to the 

study of the representation theory of the degenerate double affine Hecke 
algebra of type A. In particular, we give a classification of simple 
modules of a certain class, which is studied in [BEG] for double affine 
Hecke algebras from the geometric viewpoint. 

Let Hn denote the degenerate affine Hecke algebra of The al- 
gebra Hn has a commutative subalgebra S{i)). Here S'(f)) denotes the 
^ I symmetric algebra of the vector space f) = 0"=i Ce^ © Cc with c central 

c5 ■ in iin- Note that a locally S'(f))-finite ^f^-module admits generalized 

weight space decomposition with respect to the action of f). We study 
the category 0{Hn) consisting of finitely generated, locally S'(f))-finite 
ff„-modules whose (generalized) weights are integral. 

Since c is a center, it follows that the category is decomposed into 
a direct sum of subcategories 0^{Hn) (k G Z), where 0^{Hn) denotes 
the full subcategory consisting of modules on which c acts as a scalar 
multiple by k. 

We will give a classification of all simple modules in Oi^{Hn) with 
K 7^ 0. (We do not treat the case k = 0, which is rather special.) Let 
us sketch our approach. 
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We introduce a certain set of parameters S. For each parameter 
(A,//) e S, we introduce an module M{X,ii), which is induced 
from a certain onc-dimensional module of a parabolic subalgebra of 
Hn, and investigate their properties (§ 6). 

The first main result in this paper is Theorem 7.2, which gives a 
sufficient condition on (A, /x) ensuring that M(A, /x) has a unique simple 
quotient module, denoted by L(A, /x). Define 5+ as the subset of S 
consisting of all parameters satisfying the conditions in Theorem 7.2. 
Then, we can get a correspondence from to the set of isomorphism 
classes of simple objects in Oi^{Hn). 

We prove that any simple module in Ot^{Hn) can be obtained as a 
simple quotient L(A, jj) for some (A, ji) e (Theorem 8.1), that is, the 
correspondence above is surjective. Furthermore, we write down when 
two parameters in give isomorphic simple modules (Theorem 8.2). 
This completes the classification of simple objects in Oi^{Hn)- It turns 
out that the set of isomorphism classes of simple objects in O^iHri) is 
indexed by isomorphism classes of n-dimensional nilpotent representa- 
tions of the (cyclic) quiver of type Al^\ 

We give detailed proofs for all the statements above by an algebraic 
and rather direct method with the help of some fundamental results 
on the representation theory of the (degenerate) affine Hecke algebra. 

Wc treat the degenerate double affine Hecke algebra in this paper, 
but it is easy to modify the arguments to obtain the same results for the 
double affine Hecke algebra of gl„ provided that a certain parameter 
(often denoted by q) is not a root of one. Note that the classification 
of simple modules over the affine Hecke algebra can be deduced to 
the same problem for the degenerate affine Hecke algebra and vise 
versa [Lul], but the corresponding rigorous statement has not been 
established (as far as the author knows). 

A similar class of representations over (non-degenerate) double affine 
Hecke algebras of general type is studied by a geometric method in 
the preprint [Va], where the classification of simple modules and cer- 
tain Jordan-Holder multiplicity formulas are obtained by means of the 
theory of perverse sheaves and equivariant K-theory. In particular, 
Vasserot's result gives a geometric proof of our classification for the 
double affine Hecke algebra. It should be also mentioned that Chered- 
nik announces the classification of simple modules over the double affine 
Hecke algebra of type A by an alternative algebraic approach in the 
preprint [Ch4]. 
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1. AfFINE root SYSTEM 

Through this paper, we use the notation 

[hj] = {^,^ + 1,- 

for i,j & Z with i < j. 

Fix n G Z>o. Let t) be an {n + 2)-dimensional vector space over C 
with the basis {e^, e^, . . . . f^. c, d}: I) = S^Li Ce^f © Cc © Cd. 

Introduce the non-degenerate symmetric bilinear form ( | ) on [) by 

{c\d) = 1, (c|c) = {d\d) = 0. 

Put I) = e^^i Ce,^ and f) = f) © Cc. 

Let f)* = ei © Cc* © C5 be the dual space of ^, where e^, c* and 
5 are the dual vectors oi e^, c and d respectively. 

We identify the dual space [)* (resp. [)*) of [) (resp. [)) as a sub- 
space of [)* via the identification f)* = ^*/C5 = ^* © Cc* (resp. ()* = 
r/(Cc*©C5) ^e^^iCe,). 

The natural pairing is denoted by ( | ) : [)* x f) — > C. There exists an 
isomorphism between 1^* and 1^ such that i— > e/, (5 i— > c and c* i— > d. 
We denote hy ('^ E the image of C G ^* under this isomorphism. 

Put cty = ej — ej {1 < i ^ j < n) and ctj = ajj+i (1 < ^ < n — 1). 
Then 

R — {aij I 1 < i ^ j <n} , — {0;^ | 1 < i < j < n} , 

n = {«!, . . . , Qin-l} 

give the system of roots, positive roots and simple roots of type An-i 
respectively. 

Put CKo = — ttin + 5, and define the system R of roots, IV' of positive 
roots and H of simple roots of type ^i^li by 

R^ {a + k5\ae R,k eZ} , 

R+ ^ {a^k5 \ a e R^,k e Z>o} U {-a + kS \ ae R"^, ke Z>o} , 
n = {tto, q;„_i} . 
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2. Affine Weyl group 

Let Q denote the root lattice 0"=i^ and let P denote the weight 
lattice 0"=i Zcj of Let Wn denote the Weyl group of which is 
isomorphic to the symmetric group ©„. 

The extended affine Weyl group Wn (resp. the affine Weyl group 
W°) of g[„ is defined as the semidirect product of Wn and P (resp. Q) 
with the relation w ■ ty^ ■ = tw^-ri)-, where w and t^^ arc the elements 
in W corresponding to w &W and r] E P (resp. Q). In the following, 
we simply denote W ^ Wn, W° ^ W° and W ^ Wn- 

Let Sa & W denote the reflection corresponding to a & R. For an 
affine root (3 = a + kS E R {a & R, A; e Z), define the corresponding 
affine reflection by sp = t^ka " •Sq- 

Put Si — for i e [0, n — 1] and put tt = tei ■ -Si ■ ■ ■ Sn-i- The 
following fact is well-known. 

Proposition 2.1. (i) The group W is isomorphic to the group defined 
by the following generators and relations: 

generators : Sj (i G [0,n — 1] = Z/nZ), tt^-^. 
relations : s^ — 1, 

SiSi+i Si = Si+iSiSi+i {i e Z/nZ), 
SiSj = SjSi {i — j ^ ±1 mod n), 
TiSi = Si+iTT {i G Z/nZ), 

(ii) r/ie subgroup W° is generated by the simple reflections Sq, Si, . . . , s„_i. 

The action of 1^ on ^ is given by the following formulas: 

Sa (h) — h — {a\h)a'^ {a e R, he i)), 

7r(6V) = er - c, (2.1) 

7r(c) = c, 7r(ci) = d. 
It follows that the action of (77 G P) is given by 

t,{K) = h+ {6\h)v^ - + c. 

The dual action on i)* is given by 

^.(C) = C + imv - ((r?|C) + livlvmO) ^ {veP,Ce r), 

7r(ei) = ei+i {i G [1, n - 1]), 7r(en) ^ - 5, 
7r(c*) = c*, n{S) = 5. 
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With respect to these actions, the inner products on [) and [)* are W- 
invariant. 

Note that the subspacc [) = {)© Cc is preserved by W, and that the 
dual action of W on i)* (caUed the afhnc action) is given by 

SaiC) = C - {a\C)a, , . 

t,(C) = C+ (510^7 ^ ^ ^ 

for C e f)*, q; G -R and r] e P. 
For w e W, set 

R{w) = R+nw-'^R-, 
where R~ — R \ R'^- The length l{w) oi w E W is defined as the 
number t}i?(ty) of the elements in R{w). For w e W, an expression 
w — Ti'' ■ Sj-^ ■ ■ ■ Sj^ is called a reduced expression if m = l{w). It can 
be seen that 

R{w) ^{sj^--- Sj^ {aj^ ),Sj^--- Sj^ {aj^ ),..., aj J (2.3) 

if w — 77^ ■ Sjj • • • Sj^ is a reduced expression. 

The partial ordering ^ is defined in the Coxctcr group W° as follows: 
w :< w' ^ w can be obtained as a subexpression of a reduced expression 
of w'. Extend this ordering ^ to the partial ordering in W by n^w ^ 
n'^'w' ^k^k' emdw^w' {k, k' e Z, w, w' e W°). 

Let / be a subset of [0, n — 1]. Put 

ill ^ {ai\i e 1} ^ n, 

WI = {s^■, tel)c w, 

Ri = {a e R \ Sa e Wi}. 
Note that Wi is the parabolic subgroup corresponding to IT/. Define 

^[weW\ R{w) cR+\ {R+ nRi)}. 
The following fact is well-known. 

Proposition 2.2. For any w e W, there exist a unique wi e 

and a unique u G Wi, such that w = Wi ■ u. Their length satisfy 
l{w) = l{wi) + l{u). In particular, the set gives a complete set of 
representatives in the coset W/Wj. 

In the case / C [l,n — 1], we can define Wi{= Wi) and C W 
analogously, and similar statements as Proposition 2.2 hold for them. 
Put P- = G P I (CI a) < for any a G R+}. 

Lemma 2.3. Let rj E P. Let y be a shortest element of W such that 
y{r]) G P-. Then R{y) = {a G P+ | (77 | a) > 0}. 
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Proof. Let a G R{y) = R+Hy-^R-. Then {v \ a) = {y{ri) \ y{a)) > 0. 
If (77 I a) = then Sa{r]) — r). Hence we have ySa{r)) G P~ and 
Ky^a) < Ky)- This contradicts to the choice of y. Therefore we have 
(?7 I a) > and hence R{y) C {o; e R'^ \ [r] \ a) > 0}. It is easier to 
show the opposite inclusion. □ 

We denote by 7/^ the (unique) shortest element of W such that 

yviv) e P'- 

The following proposition follows from Proposition 2.2 and Lemma 2.3. 
We omit the detailed proof. 

Lemma 2.4. ([AST]) (i) We have W^^'""'^^ = {tr, ■ y-^ \ rj E P} . 
(ii) For a subset I <Z [l,n — 1], we have 

Moreover, l{w) = l{t^ • y~^) + l{u) for w = t^j- y~^ -u (rj E P, u E W^). 

3. Degenerate double affine Hecke algebra 

Let C[W] denote the group algebra of W and let S{i)) denote the 
symmetric algebra of f) = f) © Cc. 

The degenerate double affine Hecke algebra was introduced by Chered- 
nik [Chi]. 

Definition 3.1. The degenerate double affine Hecke algebra Hn of gl„ 
is the unital associative C-algebra defined by the following properties: 

(i) As a C-vector space, 

(ii) The natural inclusions <C[W] ^ Hn and S{^) ^ H.^ are algebra 
homomorphisms (the images oi w E W and /i G f) will be simply 
denoted by w and h). 

(iii) The following relations hold in if„: 

Sah — Sa{h)Sa = — {oi\h) {a E R, k E i)), (3.1) 
Trh = n{h)n (/i G f)). (3.2) 

By definition, the element c G Hn belongs to the center Z{Hn) of 
Hn- For K, E C*, we set Hn{f<-) = Hn/ {c — n). 

Definition 3.2. Define the degenerate affine Hecke algebra Hn as the 
subalgebra of Hn generated by the elements in W and the elements in 

Hn = C[W] S(i)) C Hn. 
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Proposition 3.3. For w G W and h Ei), we have 
hw — w w~^{h) + ^2 {w{a)\h)sc 

\ aeR{w) 

In particular, hw — w ■ w~^{h) + J2w'^w Cw'w' for some c^/ e C. 

Proof. The statement is shown by by the induction on l{w) using the 
fact that R{siw) = R{w) U {w-^{ai)} if l{siw) = l{w) + 1. □ 

It is easy to verify the following proposition directly (see e.g. [AST, 
Lul]). 

Proposition 3.4. (i) The center of Hn is given by Z(Hn) = C[c]. 
(ii) The center of Hn is given by 

Z{Hn) = {e e S{[)) I w{0 = ^ for all w e W}. 

For i e Z, we introduce the following notations: 

Si^ei-kSe i)*, = -kcei), (3.3) 

where i — i + kn with i e [1, n] and A; e Z. 

Put aij — ei — €j (and a'^j — — ej) for any i,j e Z. Note that 

aij & R 44> i ^ j mod n, 

e R'^ ^ i ^ j mod n and i < j. 

Let J = {ji, J2, ■ ■ ■ , Jm} be a subset of Z such that aj^j^^ = ej^ — ej^ e 
R ioT a ^ b. Then, in particular, we have m <n. 
Define Hj to be the subalgebra of Hn generated by 

V V V 

The following lemma will be used later. 

Lemma 3.5. Let J = {ji,j2, ■ ■ ■ ,jm} be a subset ofZ such that j a ^ jb 
mod n for a ^ b. Suppose that ji < 32 < ■ ■ ■ < jm- Then, the algebra 
Hj is isomorphic to the degenerate affine Hecke algebra H^ 

Proof Note that Oij^j^_^-^ G R^ for all a G [l,m — 1]. Using Proposi- 
tion 3.3, it is verified that there exists an algebra homomorphism Hm 
Hj such that 1— e^. (i G [l,w]) and Sj 1— > (i G [l,m — 1]). 

This gives an isomorphism. □ 

Example 3.6. We have Hyi,n] — by definition. More generally, we 
have = Hj'-j+i for any j, / G Z such that j' — j G [1, n — 1]. 
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4. Set of parameters and affine Weyl group 

We introduce some sets of parameters, which will index representa- 
tions of Hn- 

Fix p e Z>o. Put Cp{n) = {(n, ...,rp)e {Z>oy | Ef=i Ti = n}, and 
set 

= {(A, ii)eZPxZP\X-iie Cp{n)}, (4.1) 
i; = {(A, iJ,)eIp\Xi-Hi>0 for all i e [l,p]}. (4.2) 

We denote the extended afiine Weyl group of Qlp by &p instead of Wp 
in order to avoid confusion. The elements of &p corresponding to Si,7i 
and are denoted by ai,zup and respectively. ({ei}ie[i,p] is the 
generators of the weight lattice Pp oi glp-. Pp — ©f^iZe^.) We put 
Si = {vDi) for convenience. The subgroups corresponding to W° and 
Wp are denoted by 6° and &p respectively: 

®p = (^0, C^l, • • • , O-p-l), &p = {CTI, . . . , (Tp-l). 

For «; e C, there exists an action of &p on the set which is given by 

(7j o A = (Ai, . . . , Aj+i - 1, Aj + 1, . . . , Ap) (i e - 1]), 
(7o o A = (Ap + K - p + 1, A2, . . . , Ap_i, Ai - K + p-1), 
o A = (Ap + K - p + 1, Ai + 1, . . . , Ap_i + 1) 

for A = (Ai, A2, . . . , Ap) e C^. It follows that the action of te is given 

by 

te^oX^ (Ai, . . . , Ai + . . . , Ap) (i e [l,p]). 

If K G Z, then this action preserves and induces an action of &p on 
Ip and X* via 

w o [X, /i) — (w o A, w o /i). (4.3) 

In the following, we always assume k e Z. 
For A e CP, put 

[A]o ^ K-p + 1- Xi + Xp, 

[X]i ^ Xi - Xi+i + 1 {i e [l,p-l]). 

Remark 4.1. It is natural to describe the action o and the numbers [A], 
in terms of the root system of type Apl^. Put i)* — 0f=iCej®Cc*, 
where notations are analogous to the A^''^^ case, and regard A e as 
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an element of f)* by A = XI K^i + {i^ — p)c*. Then we have 

w o X = w{\ + p) — p {w E &p), 
[X]i^{X + p\a^) {ie[0,p-l]), 

where p = E?=i(-« + l)ei + pc*. 
Set 

Vp = {XeZP\ [X]i > for all ie[l,p- 1]}, 
I)p,« = {XeZP\ [X]i > for aU i e [0,p - 1]}. 
The following fact is well-known: 
Lemma 4.2. Let k e Z>o- 

(i) Vp is a fundamental domain for the action of &p on IT . 

(ii) 'Dp^K is a fundamental domain for the action of on IT . 

The proof of the following lemma is similar to the proof of Lemma 2.3. 

Lemma 4.3. Let k G Z>o Q-nd A G Z^. Let w be the shortest element 
in &p such that woX & 'Dp,^. Then, we have [cife+iCij.+2 ' ' ' ^^ii ° -^l < 
for each k — [1,1], where w — (Ti^Ui^ ' ' ' ^ reduced expression ofw. 

For i^eZP, set 

= {A e I [X]i > for any ie[l,p-l] such that = 0}, 

t>l^^^ = {A e ZP I [X]i > for any ie[0,p-l] such that = 0}. 
Put 

= e I /i e Pp, A e P^}, (4.4) 

ip,. = e I /i e Vp,^, A e (4.5) 

i;+ = i;ni;, i;% = i;ni+,. (4.6) 

It is easy to show the following lemma: 
Proposition 4.4. Let k G Z>o- 

(i) X+ (resp. X*"*") is a fundamental domain for the action (4.3) o/Sp 
on Xp {resp. I*). 

(ii) X+^ (resp. X*+) is a fundamental domain for the action (4.3) o/ 
6° oraXp (resp. X*). 

(iii) zUp preserves the sets X+^ and X*+ respectively. 
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5. Representations of degenerate affine Hecke algebras 

We review some facts on the representation theory of the degenerate 
affine Hecke algebra ij„ for later use. 

For an ij„-module N and C ^ define the weight space Ni^ and the 
generahzed weight space N^^^ of weight ( by 

N^^{v e N \ hv ^ {C\h)v for any /i G f)} , 

Ars<=° = ^veN\{h- {C\h))''v = for any h E f), for some k E Z>o} . 

Denote by P{N) the set of all weights of A^: 

P{N) = {C G r I iVc ^ {0}} = {C e r I ivr ^ {0}}- 

Define 0{Hn) to be the category consisting of all finite- dimensional 
if„-modules N such that N = 0^epA^f", i.e. P{N) C P. 
Let (A, /x) G 2p. Put 

i 

no = 0, rij = ^(Xj - iXj) (i = (5.1) 

Set Ja,^ = [l,n - 1] \ {ni,n2, . . . ,np_i}. Then li/^ ^ = x 
1^A.-M2 .X ■ ■ ■ X Wx,-^,. We denote W^^-^ = ^h., and'w^^-'^ = W'^"^. 
Define i^A-/* as the subalgebra of Hn generated by the elements in FFa-^x 
and the elements in 

where is as in Lemma 3.5. 

Define (x,ti to be the element of [)* such that 

((a.^IcJ) = /ij - i + J - ni_i for j G [n^-i + 1, n^]. (5.2) 

Note, in particular, that we have 

(CA,M|en,_i+i) =f^i-i + l, 



(5.3) 



if < rii. There exists a one-dimensional representation CIa,/^ of 
ifA-/* such that 

wIa,/. = 1a,m for all w G H^a-/., a\ 

hlx,,^{Cx,,\h)lx,, forall/iGf). ^^"^^ 

Define the induced representation M(A, /x) of Hn associated with (A, ii) 

by 

M(A,//) CIa,^. 
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Clearly, M(A,/x) ^ C[W/Wx-^] as a ^/-module. 

The induced module M{\,n) is not irreducible in general. We will 
use the following criterion for the irreducibility in the case p — 2. See 
e.g. [Zel] or [Sul, Su2] for the proof. 

Lemma 5.1. Let (A,//) e with A = (Ai, A2), n — (//i,//2)- 

(i) M(A, /i) is reducible if and only if one of the following conditions 
hold: 

(a) /X2 < /^i < A2 + 1 and A2 < Ai. 

(b) A*i < A*2 < Ai + 1 and Ai < A2. 

In each case, there exist the following exact sequences: 

(a) ^ L((7 o A, n) M(A, //) L(A, //) 0. 

(b) ^ L((7 o A, (7 o ^) ^ M(A, //) ^ L(A, cr o //) ^ 0. 

i/ere o" = 0"i G ©2- 

(ii) If M{X, /i) is irreducible, then M{X, /i) = M{a o A, cr o //). 
The following lemma follows from Proposition 3.3. 

Lemma 5.2. We have 

P(Af(A,/i)) = W^-f^Cx,, := {wia,,) I w e W^-'^} , 
dimM(A, /x)f " = {^/; e W^"^ | w{Cx,^) = ^} for { G [)*. 
In particular, we have dimM(A, //)^^° = r\W[(x,ij\) , where 

W[^] ^{weW\ w{0 = a /or e e r ■ 

Let (A, //) e 2p. Take integers ai < 02 < • • • < Ofe such that 
{ai, 02, ... , Ofe} = {a e I [A]a 7^ or 0}. 
Put Xa,^ = [l,n] \ {nai,na2,- • • ,^afc}, where ni is as in (5.1). 
Lemma 5.3. Let (A, /i) G J+. T/ien 1^^"^ n W[Cx,^,] C 
Proof Take integers 61 < 62 < • • • < &i such that 

{6i,62,...,fc^} = {aG [l,p] I M„^0}, 

and put y;, = [1, n] \ {ub^ui,^, . . . , n^J. Then W^a-m ^ Wx^^^ Q Wy^. 

Let w G W^~'' n M^[Ca,/.]- First, we prove w G WV^. 

It is enough to show w{[l,nb^]) = [l,nb-] for all i G [1,/]. Suppose 
w([l,nfe.]) 7^ Let m be the smallest number such that m G 

[l,nft.] and w~^{m) ^ [l,'«'fej- Then it follows from w G W^~^ that 
w~^{m) — Ufj^i + 1 for some b > bi. Since w G VF[CA,/i], we have 

Hb-b+1^ {Cx,^l I «^"^(em)) = (Ca,m I ^m) > /^6i - &i + 1- 
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This implies [/ij^. = as (A, /x) G , and this is a contradiction. 
Therefore we have w e Wy^ ■ 

Next, let us see w G Wx^^- Suppose that w([l,na-]) 7^ [l,''^aj for 
some i G [1, A;]. Let m' be the largest number such that m' G [1, and 
w{m') ^ [l,na.]. Then we have m' = Ua for some a > a^. By similar 
arguments as above, we have [A]a. — 0, and this is a contradiction. 
Hence we have w G Wx^ ^ ■ □ 

In [Su2], Lemma 5.3 is used to reduce the proof of the following propo- 
sition to the special case 

A = (m, m + 1, . . . ,m + p - 1), = (0, 1, . . . ,p - 1) 

with mp — n: 

Proposition 5.4. (Lemma 5.2 in [Su2]) Let (A, /x) G 2"+. Then we 
have M{\n)^^^^ = Cl^,^. 

As a direct consequence of Proposition 5.4, we have the following. 

Theorem 5.5. ([Ro, Su2]) Let (A,/x) G X+. Then M{\ii) has a 
unique simple quotient, which we denote by L{\ii). 

Let lii{0{Hn)) denote the set of isomorphism classes of irreducible 
modules in 0{Hn). Then, by Theorem 5.5, we have correspondences 
X;+ ^ lrr{0{H^)) {p G [l,n]) given by (A,/x) ^ L(A,/.). 

The classification of simple modules described below is originally 
obtained by Zelevinsky [Zel] (see also [Ro]) for the affine Hecke algebra. 
An alternative algebraic proof of the classification using Theorem 5.5 
is given in [Su2]. 

Theorem 5.6. {See [Su2]-§6.) The correspondence 

n 

U X;+ ^ lrr(0(ij„)) 

which maps (A, /x) G X*+ (p G [l,n]) to L{X, /j,) is a bijection. 

Recall that &p acts on 2* and that X*+ is a fundamental domain 
for this action (Proposition 4.4): X*"*" = X*/&p. Hence Theorem 5.6 
asserts that there exists a one to one correspondence 

|JX;/6,^lrr(0(ijj). 
p=i 
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6. Induced representations of Hn 

Let K G Z. We consider representations of Hn{K), namely, repre- 
sentations of Hn on which c G Z{Hn) acts as a constant integer n. 
For an if„-module N and a weight C ^ f)*, we use the same notations 
as those for if„-modules to denote the weight space, the generalized 
weight space and the set of all weights of N: 

N(^^ {v e N \ hv ^ {C\h)v for any h E i)} , 

N^^"" =^veN\{h- {C\h))''v = for any h E i), for some k G Z>o} , 

P{N) = {C e r I + {0}}. 

If N is an ^f„(K)-module, then any weight of is of the form ^ + kc* 
for some C ^ f)*- Put = P + kc* C ()*. Note that P„ is preserved 
under the action (2.2) of W . 

Definition 6.1. Define 0^{Hn) to be the full subcategory of the cat- 
egory of finitely generated iy„(«;)-modules consisting of those Hn{i^)- 
modules N such that 

(i) N is locally 5(())-finite, 

(ii) P{N) C P,. 

(Note the the condition (i) ensures the generahzed weight space de- 
composition N = 0^gj,. Nf^.) 

Remark 6.2. A similar category for the (non-degenerate) double affine 
Hecke algebra of general type is studied from a geometric viewpoint in 
[BEG], where Deligne-Langlands-Lusztig type conjecture concerning 
the classification of simple modules is proposed. 

Remark 6.3. There exists an algebra automorphism on such that 

Si ^ —Si, (i G [0, n — 1]), TT 1-^ TT, 1-^ —e( {i G [1, n]), c i-^ — c. 

This gives a categorical equivalence Oi^{Hn) — 0-i^{Hn). 

In the rest of this paper, we mostly consider the case k G Z>o- 
For (A, ji) G Xp, put Ca,m = Ca,m + «c* G P^, where Ca,^ is given in 
(5.2). We regard the one-dimensional i^A-zz-niodule CIa,/^ (defined by 
(5.4)) as an (ij;^_^(8)C[c])-module by letting c act as a constant integer 
K] we have 

wlx,^ = for all w G Wx-^, 

^1a,m = (Ca"J^)1a,m for all /iG^. 
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Define an ff^-module M{\,fi) by 

M(A, ii) = Hn ®H^_^^c[c] 'CIa,/.- 

Clearly, 

M(A, /x) = -ff„(/«) <8)^^ M(A, /x) as an -module, 
= C[P] (8) M(A, //) as an iir„-module, 
^C[W/Wx-^] as a ly-module. 
By Proposition 3.3, we have the following: 

Proposition 6.4. We have 

(i) P(M(A,/x)) = W^-^Q,^ := {w{QJ I w e W^-'^} . 

(ii) dimM(A, /i)f'' = tl e W^-t" \ w{Cx,^^) = ^} for all ^ E i)* , and it 
is finite iJk^O. In particular dimM(A, /i)g° = ^ (w^''' n V^Ka,^]) , 
where W[^] = {w e W \ w{C,) = ^} for ^ e f)*. 

From Proposition 6.4, it follows that M(A, /i) is an object of 0^{Hn) 

if K e z. 

Proposition 6.5. Let {X, /i) e Ip. Then M{X,ii) = M{wp o (A,/x)). 
Proof. Put \' = zup o X = (Ap + K, — p + 1, Ai + 1, . . . , Ap_i + 1) and 

fx' = ZUp O fx = (Hp + K - p + 1, fli + 1, . . . , + 1). Put 171 = Xp- fip. 

If m = 0, then M(A',/x') ^ M(A,/x) because Ca^' = Cx^, and 1Va'_^' = 

Suppose m 7^ 0. Set = tt^^Ia,/. e -^(A, a*) (note that tt 7^ ciJp). 

It can be checked that the weight of v is 7r"*(CA_^) = Cx',n': and 
that wv = V for w G Wa'-/.'- Hence, there exists a unique ^f^- 
homomorphism ip : M{X',fi') — > M{X,fi) such that ■i/'(1a',^') = f = 
tt^^Ia,^. Similarly, there exists a unique homomorphism ip' : M(A, /j.) — > 
M{X',iJ,') such that ■?/''(lA,/i) = 7r~'"lA',ju'. Now, it is easy to see that -0 
is an isomorphism with the inverse ■0'. □ 

Proposition 6.6. Let (A,/i) G Xp and w e 6°. Suppose w o n = fj,. 
Then M(A, /i) ^ M{w o A, /i). 

Proof. It is enough to prove the statement when w is a simple reflection. 

Let us prove the statement in the case w = ai first. Define (A, Jl) G T2 
and (A, //) G Ip-2 by 

A = (Ai,A2), JI= (111,1x2), 
A = (A3, ...,Ap), (//3,...,/^p). 



DEGENERATE DOUBLE AFFINE HECKE ALGEBRAS 15 
Putting n' = Ai — /ii + A2 — /i2, we have 

M{X,n) ^ H^{k) ®h^,^h^_^, (M{\Ti)®M{\,ix)) . 

Since //i — /i2 + 1 = 0, it follows from Lemma 5.1 that M{\ji) is 
simple and M( A, Jt) = M((Ti o A, (Ti 071). Hence M{\,^) ^ M((TioA,/x). 

Next, suppose ajo/x = ^ (j g [0,p — 1]). Then, we have a\VDp^~^ — 
w^~^(7j o II = vj^~^ o \x. Using Proposition 6.5, we have 

M(A, ii) = M{w/-^ o A, w/-^ o /i) 

= M{aizup^-^ o A, zup^^^ o /i) 

^ M{wp^-^aiWp^-^ o A, /x) = M{aj o A, /x). □ 

7. Uniqueness of simple quotient 

We give a sufficient condition for an induced module M(A, /j.) to have 
a unique simple quotient module. 

Fix K e Z>o. Let Ip and Ijj^^ be as in (4.1) and (4.5) respectively. 

Proposition 7.1. (cf. Proposition 2.5.3. in [AST]) Let k G Z>o and 

(A,/x)Gj+,. ThenM{\,fi\.^^ = Clx,,. 

Proof. We denote simply by ( till the end of the proof. 

It is enough to prove the statement in the case {\, ^) G X*"):. 

First, suppose [fj]o = K-p+l-{ni-i^p) > 0. Take m e iy^"''nPF[C], 
where W[C] = {w e W \ w(C) = C}- 

By Lemma 2.4, we can write u — tn ■ y^^ ■ w — ■ ty^{rf) ■ w {r) & 
P,we W^-^'). 

Suppose 77 7^ 0. Setting — Yh=i e/, we have 

(C|6^) = {uiOle"^) = (t,,(,)«;(C)|6^) = {C\e') + K{y,{rj)\e^), 

and thus (7/^(7;) |e^) = 0. This implies that r := —{yr]{v)\^i) is a positive 
integer as yr,(rj) e P~. Since ty^(r,)w{C) = ?/r?(C)) we have 

= K^wiO - y.iCM) 

= {w{C)\e^,) + {y,iv)\e\)n-{y,{C)\er) (7.1) 
= (y,(77)|e^^)/. + (C|e:^_,(,)-e;;_,(^^). 

Put no = and nj = J2)=i{^j~l^j) (^ ^ as before. Then ■u;~^(l) ~ 

Ha-i + 1 for some a — [l,p] since w e Let 6 be the number such 

that rib-i < y~^{l) < rib. From the definition (5.2) of C, it follows that 
(C I e^-i(i)) = /^a - a + 1 and (C I e^-i(i)) ^ l^b - b + y-^(l) - 
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Now, (7.1) leads 

^ rK - {i^a + - a) + fJ'b - b + y~^{l) - rib-i 
>K-{na-a) + - h) 
> K - (/xi - 1) + (/Xp - p) > 0. 

This is a contradiction. Hence = and thus u & W. Therefore 

w'nw[cu = w'nw[CxA (7-2) 

This imphes M{\ii)f^ = MiX,^)^^ and thus 

M(A,/.)c,.^ = M(A,/x)c,,, = C1a,^ 

by Proposition 5.4. 

Next, suppose that [/xq] = 0. Then there exists j such that — 
/ij — iJ,j+i + 1 > 0. Put 

A' = VHp^"^ O A, n' — VJ^~^ O jJL. 

It is easy to check that (A',/^.') G X*j^ and = > 0. Moreover 
we have (y^^, — t^^~^^ {C\,fj) ■ The hnear automorphism v i— > Tr"~"w on 
M{\ij) gives an isomorphism M{X,ijL)^n^ ^=M(A, /x)^^^. On the other 

hand, we have an if„-isomorphism M{X,iJ,) = M{X',iJ,') by Proposi- 
tion 6.5, and thus we have M(A, , = M(A',/i')^« Therefore, 

dim M(A, ^)^« ^ = dim M(A', //')^« ^, = 1- 1^ 

Theorem 7.2. Let k E Z>o and (A,/i) G T/ien M{X,ij) has a 

unique simple quotient module, which we denote by L{X,ii). 

Proof. Let be a proper submodule of M(A, /x). By Proposition 7.1, 
we have M(A, //)^«^ = Clx,^- This imphes -/V^j^ = {0} since 1^,;^ is a 
cychc vector of M(A, n). Hence Ca ^ ^i-^)- Therefore the sum of the 
all proper submodules of M(A, /i) is the maximal proper submodule of 
M{\n). □ 

The condition (A, //) G in Theorem 7.2 can be relaxed by means of 
Proposition 6.6. 

Corollary 7.3. Let k G Z>o. Let (A,//) G Ip and // G Vp^K- Then 
M(A, //) has a unique simple quotient module. 
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8. Classification of simple modules 

Let K, G Z>o. Let Irr(OK(-ffn)) be the set of isomorphism classes of all 
simple modules in 0^{Hn). Through Theorem 7.2, we can construct a 
correspondence 

n 

^ ■■ U i;!. - Irr(a(Hn)) (8.1) 

p=i 

by (A, ^) I— > L{X,ii). The proofs of the following two theorems are 
given later. 

Theorem 8.1. Let k G Zi>o- Let K be a simple module in Oi^{Hn)- 
Then there exists p E [l,n] and (A,/i) G T*~l. such that K = L{X,iJ,). 
In other words, the correspondence $ is surjective. 

Theorem 8.2. Let k G Z>o. Let (A, //) G i*+ and {(3, 7) G Then, 
the following are equivalent: 

(a) M(A,/i)=M(A7). 

(b) L(A,/x)-L(A7). 

{c) p — q and (/?, 7) = vop^ o (A, /i) for some r G Z. 

By Theorem 8.2 (or Proposition 6.5), the correspondence $ factors 
Up=iip^/{'C!Jp), and we get the following. 

Corollary 8.3. The correspondence $ : \_\p=iipX ~^ ^^■^■(^'^(Hn)) above 
induces a bijection 

n 

u^;,«/(^p)-Ma(Hn)). 

p=l 

Recall that j;+ = J;/6; (Proposition 4.4) and ±l%/{wp) ^ I^/Sp. 
Hence, we have a natural one to one correspondence 

n 

U j;/6p^lrr(a(H„)). (8.2) 
p=i 

Remark 8.4. We treat the degenerate double affine Hecke algebra in this 
paper, but it is easy to modify the arguments to obtain the same results 
for the double affine Hecke algebra provided that a certain parameter 
(often denoted by q) of the algebra is not a root of one. In particular, 
the classification of simple modules over the double affine Hecke algebra 
of 0[„ follows. 
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Remark 8.5. (i) For (non-degenerate) double affine Hecke algebras of 
general type, a geometric proof of the classification of simple modules 
has been given by Vasscrot in the preprint [Va] . 

Our parameterization by (A, ji) is related to Vasserot's parameteri- 
zation by a = {(Ja,b) in [Va]-§8 through 

<^a,6 = tl{^ ^ I = ~ + 1) b = \i — i} (a, 6 e Z, a < h). 
(cf. Remark 8.7.) 

(ii) In the preprint [Ch4], Cherednik announces a similar classification 
for the double affine Hecke algebra of type A by an alternative algebraic 
approach. 

Remark 8.6. In [AST, Ch4], another class of representations have been 
studied, that is, 5'(P))-semisimple modules. They form a subcategory 
of Ore(if„), and the classification of simple modules in this category is 
given in [Ch4]. 

The method and results developed in our present paper are also 
effective for the study of S'(f))-semisimple modules. We have obtained 
an alternative proof of the classification of simple modules and some 
concrete results on the structure of simple modules of this class. These 
results will be presented in the forthcoming paper. 

Remark 8.7. It is known that the set Up=i^/&p = lrrO{Hn) (Theo- 
rem 5.6) is naturally indexed by isomorphism classes of nilpotent rep- 
resentations of the quiver of type A [Ze2]. 

It can be seen that the the set \Jp=i'^p/&p above is indexed by iso- 
morphism classes of nilpotent representations of the cyclic quiver: 

Let (5k be the quiver of type A^^^ with the cyclic orientation, i.e. the 
set of vertices is Z/kZ and the set of morphisms consists of the arrows 
i ^ i + 1 {i E Z/k.Z). Let Sn be the set of isomorphism classes of 
n-dimensional nilpotent representations of 

Let Z be the set of all pairs (a, b) of integers such that a < b and 
(a, b) is defined up to simultaneous translation by a multiple of k: 
{a,b) ^ {a + rriKjb + mn), m e Z. It is known that isomorphism 
classes of indecomposable finite-dimensional representations of are 
indexed by elements of Z, and any finite-dimensional nilpotent repre- 
sentation of is decomposed into a sum of indecomposable represen- 
tations (see [Lu2] for details). Let V{a,b) denote the indecomposable 
representation corresponding to (a, b) G Z. 

Then, the correspondences I* ^ Sn (p G [l,'"-]) defined by 

(A,Ai)h^ J2 V{fii-i + l,Xi-i) 
ie[i,p] 
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give rise to a bijection \J^=iT*/&p — >■ Sn- 

9. Proof of Theorem 8.1 

In this section, we will give a proof of Theorem 8.1, which asserts the 
surjectivity of the correspondence $ in Corollary 8.3. For this purpose, 
we need to introduce some notations. 

Fix n e Z>o. For an ff„-module and (A,/i) G Xp, set 

= {v & N^i^ \wv = viorwe Wx-,,}. 

Set 

Bp{N) = {/X e I 3A e such that (A, /x) e I* and %,^] ^ 0}. 

Example 9.1. If p = n then J* = {(A, ^) e x Z'^ | A = (^ui + 1, /i2 + 
1, . . . , /i„ + 1)}. Hence, for (A, jj,) G Z*. we have (^^^ = J2i=i{l^i - i + 
\)ei + Kc* and N]^\^^^ is nothing but the weight space N(^k . In particular 
tli3„(iV) = ttP(iV)>0. 

For G Z^, we put 

[/i]o = «; -p+ 1 - (Afi - Afp), = /Xj - /Xj+i + 1 (iG[l,p-l]) 
as before. 

Lemma 9.2. Lei K he a simple module in Oi^{Hn) and let p be the 
minimum integer such that Bp{K) ^ 0. Suppose that [p]i < for 
11 G Bp{K) and i E [0,p — 1]. Then a^o ji E Bp{K). 

Proof. Let /i G Bp{K). Let A be such that (A,/x) G I* and -f^fA,//] 7^ 0. 
Put no = 0, Uj = ELi(Afc - /Ufc) (j G [l,p]). 

First, let us prove the statement when i G [l,p — 1]. Suppose ~ 
Hi - Hi+i + 1 < 0. Put A(i) = (Ai, Aj+i) G and //(j) = /li+i) G Z^. 
Consider the subalgebra A :— H[ni-i+i,ni+i] of Hn, which we identify 
with if„-^^_„._j through Lemma 3.5 and Example 3.6. 

Take v G -^[A.^t] \ {0} and consider the 74-module := Av. Then 
is a surjective image of M(A(j), 

If M{\{i),H[i)) is irreducible, then it follows from Lemma 5.1 that 
N ^ M(A(,),/x(,)) = M(A'(,),4)), where A'^,) = (A,+i - 1, A, + 1) and 
A*(i) = i.f'i+i ~ 1) Aij + !)• Hence there exists a & Ac Hn such that av G 
^[a'(,),m'(,)] \ {0}- Clearly, av G K[^^ox,aiO^,] \ {0}. Hence (7^ o // g Bp{K). 

Suppose that M{\{i), iJi{i)) is reducible. Then, by Lemma 5.1, there 
exists an exact sequence 

L{>^{i)^ ^J''{i)) M(A(i),//(i)) L(A(i),/i(i)) 0. 



20 



TAKESHI SUZUKI 



Since is a surjective image of M(A(j), it is isomorphic to ei- 
ther M(A(j),/X(j)) or L(A(j),/i(.)). If A/" = L(A(j), then we have 
K[x,aiOn] 7^ 0. (Note that (A, (Tj o /x) e X* by the assumption of p.) 

li N ^ M{\i), IJt.{i)), then N contains a submodule L(A(j-), //^j)) and 
thus -ft'[o-ioA,o-io/f] 7^ 0. In both cases, we have o"j o /i G Bp{K). 

Next, let us prove the statement for i = 0. Suppose [/x]o = k + p — 
1 - fXi + IJ,p < 0. 

Consider the subalgebra A' :— H[np-i+i,n+ni] oi Hn, which is identi- 
fied with Hn+m-up-i through Lemma 3.5. 

Put A(o) = {Xp + K - p + 1, Xi + 1) and yU(o) = {np + n-p+l, fxi + l). 
Take v G fC[A.^] \{0} and consider the A'-module N' := A' v. Then A^' is 
a surjective image of the if„+ni-np_i-iiiodule M(A(o), /i(o)). By similar 
arguments as in the case i G we have either K]^„^o\,aooti\ 7^ or 

-ft'lA.aoo/i] 7^ 0. Therefore (Tq o G Bp{K). □ 

Lemma 9.3. Let k G Z>o- -^et K be a simple module in Oi^{Hn). If 
Bp{K) nVp^^ 7^ 0, then there exists (A, /x) G j*+ such that K ^ L(A, 

Proof. By the assumption, there exists (A', /i) G X* such that ^ G Pp,^ 
and i^[A',M] 7^ 0. Take v G -^^[a',/^] \ {0}. Since K = HnV, it is a surjective 
image of M(A', /x) and thus K = L(A', /x) by Theorem 7.2. Noting that 
// G Vp i^, we can find w & &p such that wo/j, — /j, and o A', /x) G 

Put A = w o A'. Now, Proposition 6.6 imphes L(A, /x) = L{X', /x) = 

□ 

Proof of Theorem 8.1. 

Let K be a simple module in O^illn). Take the smallest integer p 
such that -Bp(ir) ^ 0. 

By Lemma 9.3, it is enough to prove that Bp{K) fl Vp^^, 7^ 0. Take 
/X G Bp{K), and let itx"*" denote the unique element in {wo fi}^^^^^ nPp^K- 

Take the shortest w E &° such that ifo/x = /x+. Let w = ai^ai^ ' ' ' be 
a reduced expression. Then by Lemma 4.3, we have [ci^+i Ci^.+2 ■■•'^11° 
/x]j^ < for A; G [1, 1]. Now, Lemma 9.2 implies /x+ G Bp{K) n Pp,^;. □ 

10. Proof of Theorem 8.2 

We will give a proof of Theorem 8.2, which asserts the injectivity of 
the correspondence $ in Corollary 8.3. 

Fix K G Z>o. We start with some preparations. 

Lemma 10.1. Let {X, /i) G and Sj G Wa-m- Then Si{Q^^) ^ 
P(M(A,/x)). 
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Proof. We will give a proof only for the case [fj]o > 0. Other cases can 
be shown similarly, using the same argument using Proposition 6.5 as 
in the proof of Theorem 7.2. 

Assume that there exists Sj G W\^f^ such that Si{(^^^) G P{M{X, fi j) ~ 

W^~^(xti (Proposition 6.4). Then Si(CA,^) = '^(Ca.^) ior some x G 
W'^~^. Putting w = SiX, we have w G W^^^^ fi W^ICa,^] because 
R{six) = R{x) U {x-\ai)} or R{six) = R{x) \ {-x-\ai)}. 

Recall that we have proved W^'^" n W[CxJ = W^'^" n W[Cx,^,] when 
[l^o > in the proof of Theorem 7.2 (see (7.2)). Hence w e W^'^ n 

First, we consider the case where 

A = (m, m + 1, . . . , m +p — 1), fj, — {0,1, ... ,p — 1) with mp — n. 

Set = {/c G [l,n] I (Ca,m I = (Ca,;. I e))} for j G [l,n]. Then, 
in particular, we have li^i = {A; + 1 | A; G li}. By induction on k, we 
have w{k + 1) = wik) + 1 for all k G /j. Taking k = w~^{i) G /«, we 
have Siw{k) = i + 1 and ^^^(/c + 1) = i This implies x — SiW ^ H^'^"'*. 
This is a contradiction. The same contradiction is deduced for general 
(A, /x) through Lemma 5.3. □ 

Let ^ G Pfc- Then, there exists a unique element G Up=i^p 

for which the following two conditions hold: 

Si G W^R^^L ^ I a() = -1 (i G [1, n - 1]). (10.1) 
= e (10.2) 

We denote h{C) = p li (C^, C^) G j;. 

In §6, wc defined G for each (A, jj) G 2p. The correspondence 
C {i^^ i^) is a left inverse of (A, ji) i— > Ca^^ in the following sense: 

Lemma 10.2. //(A,/i) G j;+ then {{Cl,f,{CxX) = (A,/i) anrf 

Proof. The statement follows easily from the definition of {C,^,C,^). □ 

Definition 10.3. For a subset 5 of P^. Define C{S) to be the subset 
of S consisting of all elements ^ G S satisfying the following conditions: 

(CI) If I a'^) < for i G [0, n - 1] then Si{^) ^ S. 

(C2) {e,e)^uui;i. 

For (A,/x) G put Cx,, = C(P(L(A, /.))). 
Lemma 10.4. Let (A,//) G T/ien Ca,^ G Ca,m- 
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Proof. It is obvious that Ca,/^ satisfies (C2) by Lemma 10.2. By (A, /x) G 
we have 

Now, it follows from Lemma 10.1 that satisfies (CI). □ 
We fix (A, //) e 2"*+ for a while. Let ^ e Ca,/^. Put ^ = /i(^) and put 

i 

no = 0, ni = ^(A,-/.,) (^ G [l,p]), (10.3) 

mo = 0, m, = ^(e,^-ef) (ie[l,g]). (10.4) 

i=i 

Noting that Cx,^^ C P(L(A,/i)) C P{M{X,i^)) = W^'^Cx,^, take 
g p^^-/^ such that ^ = w(Ca,m)- 

Lemma 10.5. //cvj e R\-n {i G [Ij^t- — 1]) then w{ai) — ai for some 
I e [0,n- 1]. 

Proof. Let G R\-^. Wc have t(7(ej) = e^/ + k'5 and u'(ei_|_i) = e^- + k5 
forsome j, j' G [1,^] and /c, /c' G Z. We have u'(Q;i) = eji—ej + {k'—k)5 G 
i? and 

- 1 = (Ca,, I <4) = I 4 - ej) + - ^)'^- (10-5) 

Since G -Ra-^ and w G VT'^"'*, we have w{ai) G i?"*". Note that 
w{ai) G n if and only if / — j + {k' — k)n = —1. We assume that 
i' — i + {k' — k)n ^ —1 and will deduce a contradiction. 

First, suppose | Q;J_i) = —1. Let A be the subalgebra of Hn 
generated by {ej/ + k'c, ej_i + kc, ej + kc, Sa', Saj_i}, where a' — — 
Sj-i + {k' — k)S G R^. Then, it follows from Lemma 3.5 that A is 
isomorphic to the degenerate afiine Hecke algebra of gig. 

Let V G L{X, n)^. Then we have 

a^v — 0, Oi^^^V — —V, Sa^ ^V — V. 

The subspace Av C L{\,fi) is regarded as an A-module, and it a 
surjective image of the induced module M(A, fi) over with \ = {z + 

1, 2; + 3), fi = {z, z + 1), where ^ = | ej.^). By Lemma 5.1, M(A, /x) 
is simple and thus Av = M{\,i_i). It follows from Lemma 5.2 that 

Saj-iiO is a weight of Av, and hence <Sq,^_i(0 = ^j-iiO ^ 1^))- 
Combined with the assumption | Q;J_i) = — 1, this contradicts to the 
condition (CI). 
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Therefore we must have | 7^ —1. In this case, we have 

^ W^L_^R. This imphes ej — em^-i+i for some a e [I,?]- Let 
6 G [l,g] be the number such that / e [mb_i + l,mb]. Then, using 
(10.5), we have 

^^^-a + l-{k'-k)K-l. 

Note that A;' — A; > as w{ai) e it!+. If 6 < a, then the inequality 
^^-&+l<^f-a + l contradicts to the condition ({^, e X*+. 
If & > a, then we have k' - k > and - a + 1) - (^^ - 6 + 1) > 
1 + (/c' — > This is a contradiction too. Therefore we have 



j' — j + {k' — k)n = — 1, and hence w{ai) = aj-i G 11. □ 
Lemma 10.6. (i) For each i G [l,q], we have 

y^-\^l...+i) = ^:.,.,+i + kic, (10.6) 

w-\elj ^ e::,^, + he (10.7) 



for some a^, bi G [l,p] and ki, k G Z. /n particular, we have 

Cf- - i ^ IJ,ai - tti + kiK, - i ^ Xf,. - bi + liK (iG[l,g]). 

(ii) If q = p then ai = hi and ki = U in (10.6) (10.7) for all i G [l,p]. 

(iii) The correspondences [1, q\ — >• [l,p] given by i ^ Oi and i ^ bi are 
injective. In particular q < p- 

Proof (i)There exist r G [l,n] and k E Z such that {e]^.__^_^_i) — 
+ kc. Suppose Ua-i + I < r < Ua {a E [l,p])- Then a^-i G Rx-^ 
and I ttmi-i) = {C\,fi I <^r-i) = This contradicts to the condition 
(10.1) and we have (10.6). Similarly, (10.7) follows. 

(ii) The statement follows easily from Lemma 10.5. 

(iii) Suppose that there exist i,j G [l,g] such that 

= en„_i+i + kiC, w-'(e^^._^+i) = e^^^^+i + kjc 

for some a G [l,p]. Then, we have w~^{a) = for a root a = e^.^^^i — 
emj_i+i — {ki — kj)6. This is a contradiction and thus the correspondence 
i I— > Oj is injective. □ 

Now, we show the key lemma to the proof of Theorem 8.2. 

Lemma 10.7. Let {X, fx) G X*^. Let ^ G Ca,^ and suppose that h{^) = 
max{/i(C) I C e Cx,^}. Then h{0 = p and '(C^,^^) = zu/ o (A,/x) for 
some r G Z. 
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Proof. We have h{^) = max{/i(^) | ( G C\^fj,} = p by Lemma 10.4 and 
Lemma 10.6-(m). 

Take w G W^'^' such that { = w(Ca,^). By Lemma 10.6-(i)(ii), there 
exist tti G and ki & Z such that 

for each i G 

Let y be the element of &p such that = (i G and 
put u — JZ^^ikiCi {u is an element of the weight lattice of Qlp). Put 
X = tyy G &p. Then, we have = x o (A,/i). Since X*^ is a 

fundamental domain for the action of 6° on X*, the condition (^^, G 
X*+ implies (^^, — zUp^ o (A, /x) for some r G Z. □ 

Proof of Theorem 8.2. 

The implication (a)^(b) is clear, and (c)^(a) follows from Proposi- 
tion 6.5. Let us prove (b)=^(c), which completes the proof of Theo- 
rem 8.2. 

Suppose L(A,/i) ^ i:(/5,7). Then we have P(L(A,/i)) = P{L{p,-f)) 
and Ca,^ = Cg^^. By Lemma 10.4, we have G C^,^ = Ca,;^. By 
Lemma 10.2, we have ((C^,^)^ (C^,^)^) = (A 7)' as (A 7) G On 
the other hand. Lemma 10.7 implies q = p and ((C^^^)'^, (C^,^)'^)) = 
ujp^ o (A, n) for some r G Z. Therefore we have 7) = Wp'' o (A, /x). □ 
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